In this paper, we present a new regularization-based approach to construct a high-resolution image. The objective functional of the approach consists of a data fidelity term and a regularization term based on anisotropic fourth-order diffusion (AFOD) prior. To evaluate and prove the performance of the proposed method, series of experiments and comparisons with some existing methods including bi-cubic interpolation method and bilateral total variation method are carried out in the paper. Numerical results based on qualitative and quantitative evaluation can indicate that our algorithm is effective.
Introduction
Due to the limitation of physical constraints, the quality of image resolution usually cannot meet the increasing demands. Therefore, it is essential to find an effective way to expand the resolution of lowresolution images. To obtain a high-resolution image from a sequence of low-resolution images, a variety of super-resolution methods have been proposed in the last three decades. These methods can be classified in two categories: frequency domain methods and spatial domain methods.
The frequency domain methods [1, 2] are extremely sensitive to modeling non-global translational motion, and they are not able to incorporate any spatial domain prior knowledge in their formulation [3] . In the spatial domain methods [4, 5] , the regularization-based methods are effective to solve the multiframe SR reconstruction problem. Recently, motivated by its success in image recovery problems [6] , the use of the partial differential equations (PDEs) has become popular in super resolution. The second-order partial differential equations can preserve good edges in the reconstruction but will easily produce blocky effects. The Fourth-order diffusion methods can reduce blocky effects on the restored image but more severely prone to the over-smoothness due to higher strength of smoothness of the filters. However, the anisotropic Fourth-Order Diffusion (AFOD) Filter proposed by Hajiaboli [7] can obtain a good edge preservation capability compared to the other diffusion filters in the image denoising. Inspired by the characteristics of AFOD algorithm, in this paper we employed the AFOD filter to SR reconstruction, and then proposed a novel SR reconstruction algorithm which can achieve good tradeoff between noise removal and edge preservation.
Related theory

Observation models
In SR image reconstruction, it is necessary to set up a suitable imaging degradation model, which is to relate the desired reference high-resolution image to all the observed low-resolution images. , where the parameter rM rM× r is the down-sampling factor. The relationship between an ideal HR image and an LR image can be described as follows [8] :
where k is the motion matrix for modeling the motion degradation, k B is the blurring matrix for representing the point spread function (PSF) of the camera sensor. k D is a down-sampling matrix for presenting the loss of resolution in the observed images, is the normally distributed additive noise. 
Fourth-Order PDE
The nonlinear diffusion filters are evolutionary processes. Many researchers have applied the ideas of Perona and Malik [9] to higher order equations in an effort to reduce staircasing effects. The second order PDE is given as follows:
where is the image intensity function, is a nonlinear diffusivity function which would inhibit diffusion across edges,
t is the evolution time, and • is used for mathematical notation of Euclidean norm.
The fourth order PDE for noise removal was proposed by You and Kaveh [6] . The energy function is defined as:
where is the image support, and is an increasing function associated with the diffusion coefficient. The corresponding Euler equation of (3) can be solved through the following procedure:
Anisotropic diffusion model
The extent of the diffusion of the isotropic filters is controlled by the diffusivity function regardless of the orientation of the edges. A fourth-order nonlinear diffusion filter proposed by Hajiaboli [7] can better preserve edge by unevenly controlling the diffusion on the directions of level set and gradient. The definition of the filer is as follows: ) and . Therefore, the AFOD filter can be written as:
The proposed AFOD based super-resolution algorithm
In order to obtain more desirable SR results, the ill-posed problem should be stabilized to become well-posed. As reference [8] , the corresponding HR estimation can be calculated by the following cost function minimization:
where the first term is the data fidelity term, which measures the reconstruction error to ensure that pixels in the reconstructed HR image are close to real values; the second term as the regularization term is to control the smoothness of the reconstructed HR image and is the regularization parameter which provides a tradeoff between the data fidelity term and the regularization term.
λ By combining (6) and (7), we can get the super-resolution reconstruction Euler-Lagrange equation which can be yielded as:
We use steepest descent to find the solution to this minimization problem.
where n is the iteration number, and β is a scalar defining the step size in the direction of the gradient.
Experimental results
In this section, we validate the potential of the proposed algorithm by processing numerical experiments. The performance of the proposed algorithm is compared to that of bi-cubic interpolation (BCI) and the bilateral total variation (BTV) SR method. To better evaluate the performance of the algorithm, we use the peak signal-to-noise ratio (PSNR) as a quantitative measure.
The original "Butterfly" image of size 366×243, as shown in Fig.1 (a) , was shifted with subpixel displacements to produce eight LR images. Then each shifted image was convolved with a PSF kernel of 3×3 window size with a standard deviation σ = 0.5. The resulting image was down-sampled by a factor 3 in each direction. Finally, zero-mean Gaussian-noise with 0.01 variance was added to the LR images. Fig.  1(b) shows one of the observed low-resolution degraded images. The reconstruction results of the "Butterfly" image are shown in Figs. 1(c) -(e), respectively. Besides this group of experiments, in order to better verify the robustness of the proposed method, we also tested the three algorithms on other multiple images. The quantitative comparison of the results using PSNR is listed Table 1 . From the results, it is easy to see that the AFOD reconstruction method and BTV method provide better results than BCI method, and the AFOD reconstruction method presents more details than the BTV method, for examples the edges of the image. By comparison, it can be seen that the results of the proposed method are close to the original HR image and our method provides the highest PSNR values, which indicates that the proposed method can provide good representation of the original HR image.
Conclusion
In this paper, we present a new super-resolution method by using L1 norm minimization and robust regularization based on anisotropic diffusion fourth-order partial differential equations. The proposed algorithm was tested on different series of simulated images and also compared with other three existing methods. Our approach is able to enhance the quality of a set of noisy blurred images and efficiently remove outliers, which can produce the resultant images with sharp edges and minimal artifacts. 
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